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1. Explicit formulas for Koornwider polynomials with one-

column diagrams

+1 jEl) : variables

o x=(x{ , " ,X;
e a b,c,d,qg,t: parameter
o A= (A1, )\, ---) : partition

Definition and Theorem [Koornwinder] The Koornwinder

polynomial Py(x) = P\(x|a, b, ¢, d|q, t) is uniquely characterized
by the conditions

() Pa(x) =D cxumu(x),  (b) DxPa(x) = diPx(x).
M=

e dominance order of partitions
A= (A1, A2, ), = (p1, p2,- - +): partitions

Azpe M+ F M >p+ e fork=1,2,---,n 3



n

C Dy = ZA#(X)(TCI,X/ - 1) + Z‘AI_(X)(Tq_l,Xi B 1)
i=1 i=1
where,

o Toxf(xt, .. Xy .., xn) =F(x1,...,q%i,. .., Xn),

o A7)
_ (1 —ax;)(1— bx;)(1 — cxi)(1 — dx;) 1L = i555g 1| = 55/
(abedgq1)2tn1(1 —xP)(1 = @xF) gz, L% 1= xi/x

J#i
o A7 (x)=AF(xY) (i=1,...,n).
Ex. (n1=2)  me)(x) =x{ +x3 +1/x¢ + 1/,
mea)(x) =0 + x5 +1/x3 +1/x3,

m(171)(X) =X1X2 + X1/X2 + X2/X1 + 1/X1X2.
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Definition  Define the symmetric Laurent polynomial E,(x)'s as

follows.
TT@ = y)@ = y/xi) =D (1) E(x)y".
i=1 r>0
Remark o
3 J
Er(X) = (n B r,+ 2J> m(lr—zj)(X),
=0 J

where <m> denotes the binomial coefficient.
J

e Hereafter, we consider the case A = (1").

(Ex (19)= (11,1 = H)



Theorem
Pary(x|a, b,c, d|q, t)
= Y (D) Meolingi t" ok, " E i g ai(x),
k,1ij>0
where
co(i,j; s)
_(=a/b;t)i(scd/t; t)i (s t)inj(=sac/t; t)iyj(s*a*c® /% t)iy;
(t;t)i(—sac/t; t); (s2abcd/t?;t)irj(sac/t3/?; t)irj(—sac/t3/?; t)iy;
. (=c/dit);(sab/t; t);
(t;t)j(—sac/t; t);
ce(k,1;s)
(1/c%t),(s/t; t)akyy 1 — st2k+2=1
(t;t)(sc?; t)akas 1—st1
(tc?/a?; t2)k(sc?t; t2)k(s%c* /12, %)k o
(t2; t2)k(sc2/t; t2),(s2a%c?/t; t2)

b'd,




2. Explicit formulas for Macdonald polynomials of type C,

with one-column diagrams

Corollary  Set the parameters as (a, b, ¢, d) — (a, —a, ¢, —c).

Pany(xla, —a, ¢, —clq, t)

1/¢%:t)(s/t; t | — gtsra=1
- Er72k72l(x)(/ )i(s/t; t)ok+i 2

k,1>0 (t; t)/(SCQ; t)ok+1 1— st
2k42I<r

(tc?/a%; t?)i(sc?t; t2) i (s2c*/t2; t2)ka2k
(t2; t2) i (sc?/t; t2)(s2a%c? /t; t2) 4 ’

where s = t"—"+1,

Remark

PLR (x1b; g, 1) = Pary(x|bY2, —b1/2, g1/2b1/2, —q1/2b1/2|q, t).



Definition

M(s, /) =(—1
(s, 1) =(=1)'s (t2;t2); 1—s2t—2
2 2 2212 .—2]
—sa“, —sc-, st ,t 5 o
X 2t
493 { —s, —st,s2a%c2/t
Theorem
L]
P(l’)(X|a? —a,C, _C|q7 t) - M(tn—r-‘,-l’ /)Er—2I(X)-

=0



3. Matrix inversion for Pi(x|a, —a, c,—c|q, t)

e Matrtix inversion

Thoerem ([B], p.1, Theorem, [L], p.5, Corollary)

(x/y:q)i (uqg"2'; q)ai

(g:9)i (uxq™"; q)i(uyq™2*1; q);
(r,i€Zso, i< [;} ).

M, 2i(u,vix,y;q) = y'vi

We have M(u,v;x,y; q)M(u,v;y,z; q) = M(u,v;x,z;q). In
particular, M(u, v;x,y;q) and M(u,v;y,x; q) are mutually
inverse.



Definition

(t2v1/2; 1),
(u/2; ),
./K/lvr,,_z,-(u, Vi X, y;t)

= M, r—2i(u, vix,y; t2) x d(u,v),/d(u,v),—2i

(x/y: t2); (v1/2trf2i+2; t)oi (ut? =47, £2),; yul/? !
(t2; t2)i (u1/2tr72i; t)2i (UXt2r—2i; t2)i(uyt2r—4i+2; t2)i V1/2

d(u,v), = (u1/4/v3/4)',

Remark M(u, v; x,y; t) and M(u, v;y, x; t) are mutually inverse.

Proposition For s = "1

/
M(s. 1) =D Mo pogj(t72712/c* 072774 2 12?1/ 1% 1)
j=0

X Moo r—2(t",t,1/c2, 1; ¢). 10



Inverse of M(s, /)

Theorem For s = t"—r+1

I
M(s, 1) = > My roj(t", £,1,1/c% 1)
j=0

% Mr72j,r72l(t_2n+2/c47 t—2n—4’ 1/t2, C2/t32; t)

_ (stlfl)fl (t2,52; t2)/
(t2; t2),
y ¢ _l.—214r2/5327 _t—2l+2/sc27 t—2l+2/52’ t—2l. t2 .
493 -2+l jg 42042 /g p4145 [g22c2
L5] N
E(x) =) M(t" " )Par-21y(x|a, —a, ¢, —clq, t).
=0

J
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Kostka polynomials, deformed Catalan number

) (= Pany (x|, —£Y2, 812q1/2, _11/2q12|q 1))

° P(1r(
J

LE (]_/qt' t2)j(t2n—2r7 t2)_] 1 _ t2n72r+4j ]
(t2' t2)j(qt2n—2r+3. t2)j 1 — ¢t2n—2r (qt)JEr—2j(X),
:0 ! ’

J
L5] o onorinins o
(gt; 12);(£2n2r+2042 42),
: Er & j P rn Xt ) Y
( ) =G (t2;t2)j(qt2n—2r+2j+1;t2)j (1 21)( | q )
@ €.
o Pu5(xla:a.9) = 535 () = Elx) = Br2(x),
[3] c
* E(x)= S((lfn—)2j)(x)
Jj=0
Recall B
N (n—r+2j
Er(X) = < . )m(l,zj)(x)_
Jj=0 J
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Corollary

s (x) =P (xl: g, @)

Sw)
_3- ((n - rk—l— 2k> B <n —kr_—|—12k>) 20 3)

Ex. The transition matrix is described as

$(Cn)

(1m) 1 1 2 5 min
(c) (1)
5(1n—1) 1 2 5 14 m(1n71)
iy | = 1 3 9 M(n-2)
5((1(';1)3) 1 4 14 m(1n-3)
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Definition (Kostka polynomlals) Define K((l,’;zl, 2J)(t) as

ZK(C” ()P, (x|t 0, t).

(1r (1r = 2]) (lr QJ

Theorem K((lc,’;%l,,Qj)(t) are polynomials in t with nonnegative
integral coefficients.

; —r+1]p [n—r+2f
K(Cn) (t) = 1.'2J [n r . & |: ) :|
(1r)(1r72J)( ) [n—r+j+1]e J 2

_[nr+2j] {nr+2j]
J t2 J-1 t27

n

e [n]qzl__27 [lg! = [1]a[2q [l

[m—k+1]g _ [mlq!
[ :|q H [k]q -~ Ula!lm = 4lg"
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Define IC’(.’JC.”)(t) = K((lcn”_),)(ln_2j). First few entries of K(%)(t) read

9 e U

2 4 8
t tt+t Ll +18
) N t* + t0 + 8
et +110 4 12
+t6 +2t12 14 - 16
) FEEE
+6 4 ¢8
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4.Transition matrix between P(r)(x|a, —a, ¢, —c|q, t) and m(i(x)

Definition  For s = t™*1, define C(s, ) as follows:

(o) = 3 M(s. 1) (7).

=0 J=1
Remark

P(l’)(X|a7 —a, ¢, _C|qa t) = C(tn_r—‘rla.j)m(lr_zj)(x)'

16



Definition Define the upper triangular matrix C = (Cj)i jez-, as

follows:
Crrioi=C(t™ i) (r,i>0).

Theorem The transition matrix C satisfies following recursion
((a, g, t)-deformed Catalan triangle):

Coo =1,
Coa g = G (i=1,2,3,...),
F(l,—l)ClJ_l = Co,j (=2,4,6,...),
Cic1j-1+F(t',—1)Ciy1j-1=Cij (i+j:even, 0<i<j),
where
Fls.]) = (1—t'/s)(1 — t'*2/sa?c?)(1 + t'*1/sa®)(1 + t’+1/sc2)'

(1 — £2H1/232¢2)(1 — 2143 /5232 ¢2)

Remark Cjj's do not depend on rank n (stability condition).
Remark If b=t = g, we have F(t",d) =1. 17



e Proof of Theorem

Theorem (Contiguity relation) For generic parameter s, we have

M(s, 1) + F(s, —1)M(st?, 1 — 1) = M(st, /) + M(st, — 1).

Define P((lr)) := Pary(x|a, —a, ¢, —c|q, t), we have the following
Theorem:

Theorem For n € Z~q, define P("), m(" as follows:

) = G, B oo BT Bl 00,800

m(”) =5 (m(ln)7 m(ln_1), ey m(l), mgy, 0, 07 O, .. .),
P(" = cm(™.
Then the transition matrix C = (C); jez., satisfies above recursion

and stability condition.
18



. Combinatorial expression for Macdonald polynomials of

type C, with one-column diagrams

Theorem
Crri2i = > F(ttLd)F(E do) - F(E d)),
(di,....d;)EP(r,i)
where
P(r,i)

={(di,cb,...,d)) €Z'|0<dh <r,dk —1<dky1 <rforl<k<i}.

Remark
L5]
Pary(x|a, —a,c,—clq, t) = ch_r’n_r+2jm(1r—2j)(X).
j=0
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. Matrix inversion for Koornwinder polynomials with

one-column diagrams

e Modifying the definition of ¢, for P(1ry(x|a, b, c,d|q, t), the
summation of i, (¢o part) is written by > %_ 4¢s.
e 4¢3 part (:= N(s,/)) satisfies certain contiguity relation.
e N(s, /) is described by matrix inversion.
e There is a following degenerating sequence. The transition
matrices on every degenerating steps are described matrix
inversions and satisfies the stability condition (not depend on n).
Pary(x|a, b,c,d|q,t) = Pury(x|a, —a, c,d|q, t)
— Pury(x|a, —a,c,—clq, t) — P(lr)(X|t1/2C, —t1/2¢, ¢, —clg, t)
— Pan(x|t?, =21, ~1|q, t) = E(x).
e The entries in the transition matrix between P(1-(x|a, b, ¢, d|q, t)

and m(;r)(x) satisfy similar recursion of type C,. 20
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