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1. Explicit formulas for Koornwider polynomials with one-

column diagrams

• x = (x±1
1 , · · · , x±1

n ) : variables

• a, b, c , d , q, t : parameter

• λ = (λ1, λ2, · · · ) : partition

Definition and Theorem [Koornwinder] The Koornwinder

polynomial Pλ(x) = Pλ(x |a, b, c , d |q, t) is uniquely characterized

by the conditions

(a) Pλ(x) =
∑
µ⪯λ

cλ,µmµ(x), (b) DxPλ(x) = dλPλ(x).

• dominance order of partitions

λ = (λ1, λ2, · · · ), µ = (µ1, µ2, · · · ): partitions

λ ⪰ µ ⇔ λ1 + · · ·+ λk ≥ µ1 + · · ·+ µk for k = 1, 2, · · · , n. 3



• Dx =
n∑

i=1

A+
i (x)(Tq,xi − 1) +

n∑
i=1

A−
i (x)

(
Tq−1,xi − 1

)
where,

• Tq,xi f (x1, . . . , xi , . . . , xn) = f (x1, . . . , qxi , . . . , xn),

• A+
i (x)

=
(1− axi )(1− bxi )(1− cxi )(1− dxi )

(abcdq−1)
1
2 tn−1(1− x2i )(1− qx2i )

∏
1≤j≤n,

j ̸=i

1− txixj
1− xixj

1− txi/xj
1− xi/xj

,

• A−
i (x) = A+

i (x
−1) (i = 1, . . . , n).

Ex. (n = 2) m(2)(x) = x21 + x22 + 1/x21 + 1/x22 ,

m(3)(x) = x31 + x32 + 1/x31 + 1/x32 ,

m(1,1)(x) = x1x2 + x1/x2 + x2/x1 + 1/x1x2. 4



Definition　 Define the symmetric Laurent polynomial Er (x)’s as

follows.
n∏

i=1

(1− yxi )(1− y/xi ) =
∑
r≥0

(−1)rEr (x)y
r .

Remark

Er (x) =

⌊ r
2
⌋∑

j=0

(
n − r + 2j

j

)
m(1r−2j )(x),

where

(
m

j

)
denotes the binomial coefficient.

• Hereafter, we consider the case λ = (1r ).

(Ex. (13) = (1, 1, 1) = )
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Theorem

P(1r )(x |a, b, c , d |q, t)

=
∑

k,l ,i ,j≥0

(−1)i+jco(i , j ; t
n−r+1)ce(k, l ; t

n−r+1+i+j)Er−i−j−2k−2l(x),

where

co(i , j ; s)

=
(−a/b; t)i (scd/t; t)i
(t; t)i (−sac/t; t)i

(s; t)i+j(−sac/t; t)i+j(s
2a2c2/t3; t)i+j

(s2abcd/t2; t)i+j(sac/t3/2; t)i+j(−sac/t3/2; t)i+j

×
(−c/d ; t)j(sab/t; t)j
(t; t)j(−sac/t; t)j

bid j ,

ce(k , l ; s)

=
(1/c2; t)l(s/t; t)2k+l

(t; t)l(sc2; t)2k+l

1− st2k+2l−1

1− st−1
c2l

× (tc2/a2; t2)k(sc
2t; t2)k(s

2c4/t2; t2)k
(t2; t2)k(sc2/t; t2)k(s2a2c2/t; t2)k

a2k .
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2. Explicit formulas for Macdonald polynomials of type Cn

with one-column diagrams

Corollary Set the parameters as (a, b, c, d) → (a,−a, c ,−c).

P(1r )(x |a,−a, c ,−c |q, t)

=
∑
k,l≥0

2k+2l≤r

Er−2k−2l(x)
(1/c2; t)l(s/t; t)2k+l

(t; t)l(sc2; t)2k+l

1− st2k+2l−1

1− st−1
c2l

× (tc2/a2; t2)k(sc
2t; t2)k(s

2c4/t2; t2)k
(t2; t2)k(sc2/t; t2)k(s2a2c2/t; t2)k

a2k ,

where s = tn−r+1.

Remark

P
(Cn)
(1r ) (x |b; q, t) = P(1r )(x |b1/2,−b1/2, q1/2b1/2,−q1/2b1/2|q, t).
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Definition

M(s, l) =(−1)ls−l (s
2/t2; t2)l
(t2; t2)l

1− s2t4l−2

1− s2t−2

× 4ϕ3

[
−sa2,−sc2, s2t2l−2, t−2l

−s,−st, s2a2c2/t
; t2, t2

]
.

Theorem

P(1r )(x |a,−a, c,−c |q, t) =
⌊ r
2
⌋∑

l=0

M(tn−r+1, l)Er−2l(x).
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3. Matrix inversion for P(1r )(x |a,−a, c ,−c |q, t)

• Matrtix inversion

Thoerem ([B], p.1, Theorem, [L], p.5, Corollary)

Mr ,r−2i (u, v ; x , y ; q) = y iv i
(x/y ; q)i
(q; q)i

(uqr−2i ; q)2i
(uxqr−i ; q)i (uyqr−2i+1; q)i

( r , i ∈ Z≥0, i ≤
[ r
2

]
).

We have M(u, v ; x , y ; q)M(u, v ; y , z ; q) = M(u, v ; x , z ; q). In

particular, M(u, v ; x , y ; q) and M(u, v ; y , x ; q) are mutually

inverse．
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Definition

d(u, v)r :=
(t2v1/2; t)r
(u1/2; t)r

(u1/4/v3/4)r ,

M̃r ,r−2i (u, v ; x , y ; t)

:= Mr ,r−2i (u, v ; x , y ; t
2)× d(u, v)r/d(u, v)r−2i

=
(x/y ; t2)i
(t2; t2)i

(v1/2tr−2i+2; t)2i
(u1/2tr−2i ; t)2i

(ut2r−4i ; t2)2i
(uxt2r−2i ; t2)i (uyt2r−4i+2; t2)i

(
yu1/2

v1/2

)i

.

Remark M̃(u, v ; x , y ; t) and M̃(u, v ; y , x ; t) are mutually inverse.

Proposition For s = tn−r+1

M(s, l) =
l∑

j=0

M̃r ,r−2j(t
−2n+2/c4, t−2n−4, c2/ta2, 1/t2; t)

×Mr−2j ,r−2l(t
−n, t, 1/c2, 1; t). 10



Inverse of M(s, l)

Theorem For s = tn−r+1

M̃(s, l) :=
l∑

j=0

Mr ,r−2j(t
−n, t, 1, 1/c2; t)

× M̃r−2j ,r−2l(t
−2n+2/c4, t−2n−4, 1/t2, c2/ta2; t)

= (st l−1)−l (t
2ls2; t2)l
(t2; t2)l

× 4ϕ3

[
−t−2l+2/sa2,−t−2l+2/sc2, t−2l+2/s2, t−2l

−t−2l+1/s,−t−2l+2/s, t−4l+5/s2a2c2
; t2, t2

]
,

Er (x) =

⌊ r
2
⌋∑

l=0

M̃(tn−r+1, l)P(1r−2l )(x |a,−a, c ,−c |q, t).
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Kostka polynomials，deformed Catalan number

• P
(Cn)
(1r ) (x |t; q, t) (= P(1r )(x |t1/2,−t1/2, t1/2q1/2,−t1/2q1/2|q, t))

=

⌊ r
2
⌋∑

j=0

(1/qt; t2)j(t
2n−2r , t2)j

(t2; t2)j(qt2n−2r+3; t2)j

1− t2n−2r+4j

1− t2n−2r
(qt)jEr−2j(x),

• Er (x) =

⌊ r
2
⌋∑

j=0

(qt; t2)j(t
2n−2r+2j+2, t2)j

(t2; t2)j(qt2n−2r+2j+1; t2)j
P
(Cn)

(1r−2j )
(x |t; q, t),

• P
(Cn)
(1r ) (x |q; q, q) = s

(Cn)
(1r ) (x) = Er (x)− Er−2(x),

• Er (x) =

⌊ r
2
⌋∑

j=0

s
(Cn)

(1r−2j )
(x).

Recall

Er (x) =

⌊ r
2
⌋∑

j=0

(
n − r + 2j

j

)
m(1r−2j )(x).

12



Corollary

s
(Cn)
(1r ) (x) =P

(Cn)
(1r ) (x |q; q, q)

=

⌊ r
2
⌋∑

k=0

((
n − r + 2k

k

)
−
(
n − r + 2k

k − 1

))
m(1r−2k )(x)

=

⌊ r
2
⌋∑

k=0

n − r + 1

n − r + k + 1

(
n − r + 2k

k

)
m(1r−2k )(x).

Ex. The transition matrix is described as

s
(Cn)
(1n)

s
(Cn)
(1n−1)

s
(Cn)
(1n−2)

s
(Cn)
(1n−3)
...


=


1 1 2 5 · · ·

1 2 5 14

1 3 9 · · ·
1 4 14

. . .
. . .




m(1n)

m(1n−1)

m(1n−2)

m(1n−3)
...

 .
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Definition (Kostka polynomials) Define K
(Cn)

(1r )(1r−2j )
(t) as

s
(Cn)
(1r ) (x) =

⌊ r
2
⌋∑

j=0

K
(Cn)

(1r )(1r−2j )
(t)P

(Cn)

(1r−2j )
(x |t; 0, t).

Theorem K
(Cn)

(1r )(1r−2j )
(t) are polynomials in t with nonnegative

integral coefficients.

K
(Cn)

(1r )(1r−2j )
(t) = t2j

[n − r + 1]t2

[n − r + j + 1]t2

[
n − r + 2j

j

]
t2

=

[
n − r + 2j

j

]
t2
−
[
n − r + 2j

j − 1

]
t2
,

where
[n]q =

1− qn

1− q
, [n]q! = [1]q[2]q · · · [n]q,[

m

j

]
q

=

j∏
k=1

[m − k + 1]q
[k]q

=
[m]q!

[j ]q![m − j ]q!
.
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Define K(Cn)
i ,j (t) = K

(Cn)

(1n−i )(1n−2j )
. First few entries of K(Cn)(t) read

1 t2 t4 + t8
t6 + t10 + t12

+t14 + t18

1 t2 + t4
t4 + t6 + t8

+t10 + t12
· · ·

1
t2 + t4

+t6
t4 + t6 + 2t8 + t10

+2t12 + t14 + t16

1
t2 + t4

+t6 + t8
· · ·

. . .
. . .


.
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4.Transition matrix between P(1r )(x |a,−a, c ,−c |q, t) and m(1r )(x)

Definition For s = tm+1, define C (s, j) as follows:

C (s, j) :=

j∑
l=0

M(s, l)

(
m + 2j

j − l

)
.

Remark

P(1r )(x |a,−a, c ,−c |q, t) =
⌊ r
2
⌋∑

j=0

C (tn−r+1, j)m(1r−2j )(x).
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Definition Define the upper triangular matrix C = (Cij)i ,j∈Z≥0
as

follows:
Cr ,r+2i = C (tr+1, i) (r , i ≥ 0).

Theorem The transition matrix C satisfies following recursion

((a, q, t)-deformed Catalan triangle):

C0,0 = 1,

Ci−1,i−1 = Ci ,i (i = 1, 2, 3, . . .),

F (1,−1)C1,j−1 = C0,j (j = 2, 4, 6, . . .),

Ci−1,j−1 + F (t i ,−1)Ci+1,j−1 = Ci ,j (i + j : even, 0 < i < j),

where

F (s, l) =
(1− t l/s)(1− t l+2/sa2c2)(1 + t l+1/sa2)(1 + t l+1/sc2)

(1− t2l+1/s2a2c2)(1− t2l+3/s2a2c2)
.

Remark Cij ’s do not depend on rank n (stability condition).

Remark If b = t = q, we have F (tm, d) = 1. 17



• Proof of Theorem

Theorem (Contiguity relation) For generic parameter s, we have

M(s, l) + F (s,−1)M(st2, l − 1) = M(st, l) + M(st, l − 1).

Define P
(Cn)
(1r ) := P(1r )(x |a,−a, c ,−c |q, t), we have the following

Theorem:

Theorem For n ∈ Z>0, define P(n), m(n) as follows:

P(n) = t(P
(Cn)
(1n) ,P

(Cn)
(1n−1)

, . . . ,P
(Cn)
(1) ,P

(Cn)
∅ , 0, 0, 0, . . .),

m(n) = t(m(1n),m(1n−1), . . . ,m(1),m∅, 0, 0, 0, . . .),

P(n) = Cm(n).

Then the transition matrix C = (C)i ,j∈Z≥0
satisfies above recursion

and stability condition.
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5. Combinatorial expression for Macdonald polynomials of

type Cn with one-column diagrams

Theorem

Cr ,r+2i =
∑

(d1,...,di )∈P(r ,i)

F (tr+1, d1)F (t
r+1, d2) · · ·F (tr+1, di ),

where

P(r , i)

=
{
(d1, d2, . . . , di ) ∈ Zi |0 ≤ d1 ≤ r , dk − 1 ≤ dk+1 ≤ r for 1 ≤ k < i

}
.

Remark

P(1r )(x |a,−a, c ,−c |q, t) =
⌊ r
2
⌋∑

j=0

Cn−r ,n−r+2jm(1r−2j )(x).
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6. Matrix inversion for Koornwinder polynomials with

one-column diagrams

• Modifying the definition of co for P(1r )(x |a, b, c , d |q, t), the
summation of i , j (co part) is written by

∑j
i=0 4ϕ3.

• 4ϕ3 part (:= N(s, j)) satisfies certain contiguity relation.

• N(s, j) is described by matrix inversion.

• There is a following degenerating sequence. The transition

matrices on every degenerating steps are described matrix

inversions and satisfies the stability condition (not depend on n).

P(1r )(x |a, b, c , d |q, t) → P(1r )(x |a,−a, c , d |q, t)
→ P(1r )(x |a,−a, c ,−c|q, t) → P(1r )(x |t1/2c ,−t1/2c , c ,−c |q, t)
→ P(1r )(x |t1/2,−t1/2, 1,−1|q, t) = Er (x).

• The entries in the transition matrix between P(1r )(x |a, b, c, d |q, t)
and m(1r )(x) satisfy similar recursion of type Cn. 20
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