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m Sato/KP Theory: General Dispersion Relation (DR)
p=e E=¢(kt)=> Ktp=kty + K+ Kts+--

Jj=1

Rational Sol: 7(P(t)) where P is a polynomial of t.
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p=e E=¢(kt)=> Ktp=kty + K+ Kts+--

j=1
Rational Sol: 7(P(t)) where P is a polynomial of t.

m Miwa's discretisation for exponential function:

v =10 Py
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m Sato/KP Theory: General Dispersion Relation (DR)
p=e E=¢(kt)=> Ktp=kty + K+ Kts+--

j=1
Rational Sol: 7(P(t)) where P is a polynomial of t.

m Miwa's discretisation for exponential function:

w — H(l — p,'k)nf
m Equivalent discretisation for £(k, t):

v=e"C C=((kx) =) Kxp=ka+ kot Kx
j=1
where 1
X =5 > pini. (1)
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m Sato/KP Theory: General Dispersion Relation (DR)
p=e E=¢(kt)=> Ktp=kty + K+ Kts+--

j=1
Rational Sol: 7(P(t)) where P is a polynomial of t.

m Miwa's discretisation for exponential function:

w — H(l — p,'k)nf
m Equivalent discretisation for £(k, t):

v=e"C C=((kx) =) Kxp=ka+ kot Kx

Jj=1
where

X = Jl S i (1)
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m Common 7 function: 7t — x]
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Sato/KP Theory: General Dispersion Relation (DR)

p=¢e, £=¢(k Zklg_kt1+k2r2+k3t3+ -
j=1

Rational Sol: 7(P(t)) where P is a polynomial of t.

Miwa’s discretisation for exponential function:
w = H(l — p,'k)nf
i

Equivalent discretisation for £(k, t):

v=e"C C=((kx) =) Kxp=ka+ kot Kx
j=1

XJ:}ZP{n;. (1)

Common 7 function: 7[t — x]

where

We would like to investigate 7(P(x))
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Outline of the talk

m Part |: Notations
m Part Il: Main results

m Part Ill: Proof
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Notations:

U=uUnm, U= Uprim, U= Upmil, U= Uprim+1

- = u i
Map: u u N 2
u 1
r
q :
- Ue 9l a3
u P u .
b .
U e u

Quadrilateral equations: Q(u,u,u,u;p,q) =0

IpKdV: (Un,m - Un+1,m+1)(un+1,m - Un,m+1) = P2 - q2,

(u—0)@—10)=p— ¢
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Hirota-Miwa

Hirota-Miwa:

(a— b)TT + (b— )77 + (c — a)FT = 0

semi-discrete Hirota-Miwa:

(a— b)(77 — 77) + 77 — 77 = 0
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NQC [Nijhoff, Quispel, Capel-PLA-1983]

NQC:
1+ (p—a)S(a, b) — (p+ b)S(a, b)
1+(q—2)S(a,b) — (g + b)S(a, b)
_1-(q+2)5(2.b) + (g~ b)5(a, b) @)
1—(p+a)S(a, b)+ (p— b)S(a, b)

where S(a, b) = S(b, a) are functions of (n, m) with (a, b) being
branch point parameters, p and g are spacing parameters of n and
m, respectively.
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ABS [Adler, Bobenko, Suris-CMP-2003]

Q3; . P(uli + tu) — Q(uli + 1u) = (p* — ¢*) (U + utl) + W)’

Q2: (¢°— ) u—0)(T—1) - (p° — a°)u—u)(T— 1)

+ (P = @)~ )G~ )+ T +T+ 1)
=(p* =)’ — @)@ - P)((P* = 3°)° + (" — a°)° — (p* — @) (¢" — &),
(e D - -F) = (P — ) u—T)a—T) = 2P =)

QL (q° =) (=)@ —0) = (P —a)u - D)@ —0) = 5y oy
H3s : P(a? — ¢®)(uii + ) — Q(a% — p?)(udi + 1) = 6(p° — ¢°),

H2: (u—)(@—0)+ (PP — ) u+Tu+a+1)=p'—q",

HL: (u-0)@-1)=p" -,
where in Q35 (p, P) = p and (g, Q) = q are the points on the elliptic curve

{06 X)IX? = (x* = a°)(x* = b°)}, 3)

and in H35: P? = a2 — p?, Q*=a°—¢°.

Da-jun Zhang, Shanghai Univ Rational Solutions to Quadrilateral Equations



ABS* [Atkinson, Nieszporski-IMRN-2014]

H2 (a7 = b7 [a (v =V 7= V) = b (v =T+ - V)]
(v -7 [(v TV —2a - b ) (v T+ ?)] -0,
H3*(5) : (a2 — b™2) {3_2(UU — U0y - b3 (UU - 05)2}

L (U=DT)U-D) [(u _U)U—0)a2b2—as2(a = b2)| =

[ S
|
©
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7 function of our interest

Consider general plain wave factors (PWF)

DAY l) = o (1K) TI(1 £ pik)™, (4)
where (with arbitrary constant ;)
1 > (Fk
£ _
0 —izexp{—; i J] (5)

Expand ¥ ({n;}; /) as

VE(n ) = 5 S akk, af =200 e (O
h=0 ’
kD = p e -] Kt @

J
1 .
Xj = j(%’ + Zp,l'”i)-
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{aif} in terms of {x;}:
o =)= Y CURE @

[lul|=h

where

oo
o= (1, 2, ), Hj € {0,1,2,...}, |[ul] :Zjﬂja
=1

1

o0
| = gy ot =t & =T] )"
j=1 i '

The first few 047: are
+_q + _ +_ 1oy o +_103_oo °
, af =X, 03 =X —X, 05 =X X1X2 + X3,
1 [} o o [¢] [} o o
aj =1 x{ — ].2X12X2 + 24x1x3 + 12x22 — 24x).
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T functions defined by Casoratians

m ()
m(a) = |a({ni};0), a({ni}; 1), - ,a({ni}; N=1)|  (9)

where
a({ni}; 1) = (O‘IL’O‘?T"" 7a;rN71)T7 (10)

m 7(5)
™(B) = |B({ni};0), B({ni};1),---, B({ni}; N = 1)| (11)

where
B({ni}: 1) = (acia?, T aa;N—z)T' (12)
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m Examples of my(«):

n=1(a) = X1,

Tn=2(a) = gxio’ — X3,
1, 1

3 2
= —X{ — =X{ X3 + X1X5 — X
451 31 3

Tn=3()
m Algebraic solutions of HM [Nimmo-JPA-1997]
m Dependency: xoj11

m Homogeneous
Degree of monomial: D[[],1 x7] = > ~q isi
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Main Results

m Superposition/recursive formula for 7y (a):

TN4Lm+1TN—1:n; — TN-+Lin, TN—1:n+1 = PiTN:m TN;m+1  (13)

m Properties of 7(«)

= 7vi1(B) = Tn(e)
7n () is homogeneous with degree D[ry] =
Tn() depends only on {x1,x3, - ,xon—1}
Tn(n, m) is positive in the first quadrant {n > 0, m > 0}
provided p; > 0 and 7n(0,0) > 0; in construction, 7(0,0) > 0
is guaranteed by successively choosing

(2N - 1)TN(07 O)|’72N—1:0
TN_Q(O, O)

N(N+1)

2

(~)Nyoy_g > —

Da-jun Zhang, Shanghai Univ Rational Solutions to Quadrilateral Equations



Main Results

m Solutions in terms of 7n(a):

QL(0) : vny2 = f /f,
IpmKdV : Vyp = f /f,
Q)¢ s — L
H3(6) : Znso = (—1)"5"+4 f+(—i)”+m5f |
HL: uyjo=x1— 8x,;f,
H2: vyyo = udo(H1) — Oy un2(H1),

where fiTN, ?:TI\H_]_, fZTN_]_, ng=n, np =m.
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Main Results

m Q2: Rational solutions in terms of 7y(«):

s f+5f<—f 2F2f + 2f2F

e T e\ e T e
26F%F + 262 §2f2
+69), — — =+
N+2 f2£ f2 ’

where upny2 = un2(Q1L(4)) and 05\%2 is determined by

2(ff — £ 1)
00, 79, — T _qp _ gy 2L L)
N2 ~ O f2f2( ) P
m NQC:
1 E_nE_pf
S(a.b) = (1 - >n3:n4:0
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Main Results

m Q35:
u=AF(a,b)[1—(a+ b)S(a,b)] + BF (a,—b)[1 — (a — b)S(a, —b)]
+ CF(—a,b)[1 + (a— b)S(—a, b)]
+ Df (—a,—b) [1 + (a+ b)S(—a, —b)], (14)

in which

69=(a5) (@oas) ~ ®

and P, Q are defined by (3); A, B, C and D are constants subject to

52
 16ab’

AD(a+ b)> — BC(a— b)? = (16)

m Degeneration of Q3; !
'Based on Nijhoff, Atkinson, Hietarinta-JPA-2009. Extended to RS.

Da-jun Zhang, Shanghai Univ Rational Solutions to Quadrilateral Equations



Main Results

m Rational solutions of ABS*:

H2*: v =—(Inf)xx,

—2
" o — 622
oo f
Al*: w= <Inf> )
— X
ff
2% = _—.
W w=
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Part Ill: Proof of Main Results
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Consistent Triplet

Discrete (difference) system:

V—v:avv,
V—v=>bVV,

m Solvable for v: (E, — 1)(Ep — 1)v = (Epm — 1)(E, — 1)v:

~
~ o~ ~ ~

a(VV —VV)—bp(VV - VV)=0 (IpmKdV)
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Consistent Triplet

Discrete (difference) system:

m Solvable for v: (E, — 1)(Ep — 1)v = (Epm — 1)(E, — 1)v:

a(VV —VV)—bp(VV - VV)=0 (IpmKdV)
m Solvable for V: 6 = V: (p=a%qg=b?)
p(v-V)V-V)—qg(v—V)(V—v)=0  (ISKdV/CR)

Da-jun Zhang, Shanghai Univ
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Consistent Triplet

m Consistent triplet:
QL(0): a*(v—V)(V—v)—b*(v—V)(V—v) = 0 (ISKdV/CR)
V—v=aVV, V—v=»bVV, (BT)

H3(0) : a(VV — VV) = b(VV = VV) =0  (IpmKdV)

m Statement:
m Solution pair (v, V) of (BT) solves Q1(0)(v) and IpmKdV(V).
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Consistent Triplet

m Consistent triplet:
QL(0): a*(v—V)(V—v)—b*(v—V)(V—v) = 0 (ISKdV/CR)
V—v=aVV, V—v=»bVV, (BT)

H3(0) : a(VV — VV) = b(VV = VV) =0  (IpmKdV)

m Statement:
m Solution pair (v, V) of (BT) solves Q1(0)(v) and IpmKdV(V).
m If (v, V) solves (BT), then V4 = v/V solves IpmKdV(V;)
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Consistent Triplet

m Consistent triplet:
QL(0): a*(v—V)(V—v)—b*(v—V)(V—v) = 0 (ISKdV/CR)
V—v=aVV, V—v=»bVV, (BT)

H3(0) : a(VV — VV) = b(VV = VV) =0  (IpmKdV)

m Statement:
m Solution pair (v, V) of (BT) solves Q1(0)(v) and IpmKdV(V).
m If (v, V) solves (BT), then V4 = v/V solves IpmKdV(V;)
m Recursive:

(V,V)—)V1:V/V—)V1—>V2:V1/V]_—>V2—>"'
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For any solution pair (vn, Vi) of the (BT), define

V,
VN+1 = 7?\117 (173)

which is a solution of (IpmKdV). Through the (BT), i.e.
V41— Va1 = aViver Vivgn, Waen — Ve = bVas Vivgs, (17b)

vn+1 Is well defined and it solves (Q1(0)).

Define
1
= — , Voy=(-D)N1_——— for N>0. (18)
VN+1 VN+2

Then the iteration relation (17) is valid for all N € Z.
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Rational solutions to Q1(0) and IpmKdV(H3(0))

Vi = X, V1 = 1, (193)
1
Vo = §X13 —-x3, Vo=x, (19b)
1/1 1 13 —x3
Vs = (45Xf - §Xi9’X3 + x1x5 — X32> , V3= 3)(717 (19¢)
where
Xi:ain+bim+7ia ’)/,'G(C, (12132,) (20)

The iteration relation (17) is meaningful in generating rational
solutions from (19a) for Q1(0) and IpmKdV. These solutions are
non-singular at least on quadrant {n > 0, m > 0} if we take
a>0,b>0,Vy(0,0) > 0.
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To ABS: Rational Solutions via Backlund Transformations

H2 QL(0) — QL(8) — Q2
{ ! l
Hl <+— IpmKdV A1(0) «— H3(9)

Fig.1 A map for generating rational solutions.
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To ABS: Rational Solutions via Backlund Transformations

H2 QL(0) — Ql(0) — Q2
{ ! l
Hl <+— IpmKdV A1(0) «— H3(9)

Fig.1 A map for generating rational solutions.
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To ABS: Rational Solutions via Backlund Transformations

H2 QL(0) — Ql(0) — Q2
{ ! l
Hl <+— IpmKdV A1(0) «— H3(9)

Fig.1 A map for generating rational solutions.
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To ABS: Rational Solutions via Backlund Transformations

H2 QL(0) — Ql(0) — Q2
I ) l
H1l «+— IpmKdV A1(5) «— H3(9)

Fig.1 A map for generating rational solutions.
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To ABS: Rational Solutions via Backlund Transformations

H2 QL(0) — Ql(0) — Q2
I ) l
H1l «+— IlpmKdV A1(5) «— H3(9)

Fig.1 A map for generating rational solutions.
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Bilinear relation of V) and vy

Recursive BT:

V,
Via = (21)

VN+1 —vnt1 = aVnriVivet, Vgt — vwvgr = bBVvgr Vg (22)

We express
Pn-1
Vi = 23a
N P (232)
and it then follows from (21) that
Py
vy = . 23b
N P, (23b)

Rational Solutions to Quadrilateral Equations
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From V5 = x; we introduce “initial value”

Po=1, Py=x, (24a)

and from (19) we find successively

1
P2 = §x13 — X3, (24b)
Ps = ixl‘i — 1><f’><3 + X1X5 — X3, (24c)
45 3
1 1 1
P, = 1775 110 105 x{ x3 + 15)(1 X5 — ><1X33 - X52 + x12><3x5 — ng’X7 + x3x7.
(24d)

Viewing (23) as transformations, the BT (22) yields a bilinear form
= aPP, (25a)

P
P—PP = bPP, (25b)

where P = PN, ﬁ = PN+17 E: PN—l-

Rational Solutions to Quadrilateral Equations
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Prove: Casoratian form of P = 7y(«)

BT of IpKdV(H1):

BT for rational sol

Factorization:

G- (T—u)=a2—k? (26a)
@—1)(T—u)=b"2—k2 (26b)
(U—1)T—u)=a?2 (27a)
(@—1)T—u)=b"2 (27b)

_ Ff - fr

U—U=——=, U—u=—=, 28

afA af f (282)
T—T=——, ﬁ—u:f—’;. (28b)

bf F

Da-jun Zhang, Shanghai Univ
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Bilinearization of (28):

Introduce _
u:X,l—%, H:x,l—%, (29)
by which we bilinearize (28)
gf —fg+ i(ff—ff)_o (30a)
gf — 7 — %(?? —Ff)=o0, (30b)
g~ Fa+ L(FF — Ff) =0, (30¢)
g?—fi—g(ﬁ—?f) —o0. (30d)
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. ~ ~
ff—ff ff—ff
v(N) = =_ = =_ -
af f bf
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. ~ ~
ff—ff ff—ff
v(N) = =_ = =_ -
af f bf
|

fn(a(1,0; 1) = aVfy_1(a(0,0; 1)) + O(a" 1)
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. ~ ~
ff—ff ff—ff
’Y(N): =— = =_ -
af f bf
|
fu(a(1,0; 1) = aNfy_1((0,0; 1)) + O(a" 1)
|

Fr_Fr
v(N) = lim ——— =1
a7 af f

n=m=0
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. ~ ~
ff—ff ff—ff
’Y(N) = =— = =_ -
af f bf f
| |
fu(a(1,0; 1) = aNfy_1((0,0; 1)) + O(a" 1)
. ~
ff—ff
v(N) = lim — =1
a—00 f' f e m—0
| |
Ff—FF=aff, Ff—Ff=>bfF, (31)

where f = 7y(«).
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Superposition formula of 7y(«):

The Casoratian f = Tn(a(n, m; 1)) solves bilinear equation set

~h
[
il
!
Il

¥
=

il

(32a)

)

=) IR
=

[

=5

=

Il

S

)

|

(32b)

P = 7n(a(n, m; 1)) provides a Casoratian form of solution to (25).
By defining
N
fn=(-12ly, =1, (33)

one can consistently extend (32) to N € Z.
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Generating BTs/Consistent triplet: Continued

m Many BTs can be found from:

J. Atkinson, Backlund transformations for integrable lattice equations,
JPA, 41 (2008) No.135202 (8 pp).

J. Atkinson, M. Nieszporski, Multi-quadratic quad equations: Integrable
cases from a factorized discriminant hypothesis, IMRN, (2014) No.15,
4215-40.
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Generating BTs/Consistent triplet: Continued

We conduct a searching from the following system

h(u, T, p) = UU, h(u,G,q) = UU. (34)

m Consistency w.r.t. U:
h(u, T, p) (@, o, p) — h(u, T, q)h(3, 7, q) = QP? =0,

where
Equ: Q(u,u,u,u;p,q)=0. (35)

m where to meet the consistency w.r.t. u we require U satisfies
EqU: F(U,U,U,U;p,q)=0. (36)

Consistent triplet: Equ, EQU, BT (34).

2Decompsition of quadrilateral equations [ABS].
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Generating BTs/Consistent triplet: Continued

We start from a generic affine-linear polynomial

h(u, u, p) = so(p) + s1(p)u + s2(p)u + s3(p)ut, (37)

where s;(p) are functions of p.

When h(u,a, p) in system (34) is defined by (37), then
U-equation (36) is affine-linear if and only if either

h(u,u,p) = so(p) + s1(p)u + s2(p)u (38)

or (after a constant shift u — u— c)

h(u, &, p) = so(p) + s3(p)uu. (39)
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For the system (34) where h is affine-linear as given in (38) and
(39), consistent triplets: BT + two affine linear quadrilateral CAC
equations: the exhausted results of case (37) are

No. BT (34) u-equation U-equation
1 lu-1)= UU~ Q1(0;p°,q°)  IpmKdV
2 u+u+p=UU H2 H1(2p,2q)
3 lu+w)-dp=UU Al1(5;p%,q°)  H3(5:2p,2q)
4  uu+ép=UU H3(5) H3(—6)
5  lwi-1)=UU (40) H3(1) with U — U™*
) -
6 ﬂ(lfpuu)fUU A2 A2(\/1—p?,\/1—q?)
Table 1. Affine linear consistent triplets
P (ui—1)(Tu—1) = p2(vi—1)(Tu—1), to Q1(0; p2, ¢*) by u — uD""
(40)
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Other cases:

No. BT(34) u-equation U-equation
1 Ha—uP-0p=UU QI(9) H3*(5; 2, 1)
2 La+uP—o?p=UU A1) H3*(5; 2,1)
uii—1) (uli— Y 2(p°+1) 2(¢°+1
3 (p (1—;32()uﬁ P _ yu A2 A% (1P_J;2)7 (fl_}))
4 (uz +6p)uti = UU H3(6) H3*(5; %, &)
5 b = UU A2 A2
6 ﬁ = uu A2 A2*(2p? —1,2¢% — 1)

Table 2. BT(34) related to Q1(4), A1(d), H3(5) and A2.

Da-jun Zhang, Shanghai Univ
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Generating BTs/Consistent triplet: Continued

Addition formulas:
sin(a — ) = sin(«) cos(8) — cos(a) sin(5), (41a)
sin(a — ) = sin(«a) cos(7y) — cos(«) sin(7). (41b)

Introduce:
a=an+bm+ay, f=a, y=a, (42)

u=cos(a), U=sin(a), p=sin(a), g =sin(b), (43)

then (41) is written as

p:ug—U'ﬁ, q:uU—UU, (44)

compatibility yields the lpmKdV:
p(UU — D) — q(UT — UT) =0, (45)
p(uti — Ta) — q(uli — Tu) = 0. (46)
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BTs from addition formulas:

No. BT u-equation U-equation

1 uU—-Uu=p IpmKdV IpmKdV

2 ua(U—-U)=p IpmKdV Q1(0;P1, Q1)

3 U —TPU = puli IpmKdV H3*(6 = 1; P2, Q)
4 uli4+ UU = —6p H3(5) H3(6)

5 uii(1 + UU) = —6p H3(6) (47)

6 (6p + ut)uti = —UU H3(5) H3*(5; —Ps, — Qo)
7 UU(1—|—uu) —52p2uu (47) H3*(0; —P2, — Q)
8 uU + U = p(uU + Ut) Q3(0) Q3(0)

9 uu(U + U) = p(u U+a U) Q3(0) Q3*(0; P3, Q3)

10 puu(U + U) = PU+7PU Q3(0) Q3*(0; Pa, Q)

11 pPut(U + U)? = UU(u + 0)? Q3*(0; P3,Q3)  Q3*(0; Pa, Qu)

12 uli+ UU = p(1+ uaUU) A2 A2

13 ui+ YW= p(1+ UD) A2 A2*(Py, Qs)

14 ub(1+ UU) = p(1+ PPUU) A2 A2*(Ps, Q3)

15 wi(l14 UU)? = pPUUQ +ut)®>  A2*(Ps, Q) A2*(Ps, Q3)

Table 3-1. BTs with trigonometric functions.
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No. BT u-equation U-equation

16 uU—uU = p(ut — UU) IpmKdV IpmKdV

17 U—U=p(ui—Y9) IpmKdV Q3*(0;—P5, —Qs)
18 U —*U = puli(1 — UU) IpmKdV A2*(— Py, —Qq)
19 (u—10)2UU0 = pPuli(1 — UU)®  Q3*(0;—P3,—Qs)  A2¥(—Py, —Qs)
20 T-u= P(%;) Q1(1) Q1(0)

21 G-u=Y Q1(0) Q1(0)

22 Ui—Uu= 2% Q2* Q1(0)

23 U—u=pUU Q1(0; P1, Q1) IpmKdV

24 U - uU=puU lpmKdV IpmKdV

25 u+u-3p?=pUU AL(S; P1/2,Qi/2)  H3(5)

26 - = puli(U+ U) IpmKdV AL*(8; —Pa, — Qo)

Table 3-2. BTs with trigonometric functions.
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No. BT u-equation U-equation
1 uU + 71U = p(uU + Un) Q3(0) Q3(0)
2 ui(U + U) = p(v?U + 72 U) Q3(0) Q3*(0; Ps, @)
3 puti(U 4+ U) = U+ U Q3(0) Q3*(0; Ps, Q4)
4 PPul(U+ U = UU(u+ 1) Q3%(0;P3,Qs)  Q3%(0; Pa, Qu)
5 uti+ UU = p(1 + uiUU) A2 A2
6 i+ Y = p(1 4+ UU) A2 A2*(Ps, Qs)
Table 4. BTs with elliptic functions.
P21+ wiw)(1 + ww) = ¢*(1 + win)(1 + ww), (47)

Pi=p? Qi=4q%

Pr=4p~% Q=4q7
Ps=2p" -1, Q=2¢"—1,
P,=2p2-1, Q=2q2-1.
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Bilinear Approach to NQC and ABS

NQC:
1+ (p—a)S(a, b) — (p+ b)S(a, b)
1+ (g = 2)S(3,6) = (9+ b)5(a, b)
_1-(a+a)S(ab) (9= b)S(a.b) (48)
1—(p+a)S(a,b)+ (p— b)S(a,b)

where S(a, b) = S(b, a) are functions of (n, m) with (a, b) being
branch point parameters, p and g are spacing parameters of n and
m, respectively.
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The way to NQC

1+ (p— 2)S(a.b) — (p + b)3(a, b) = V(a)V(b), (492)
14 (q— 2)S(a.b) — (g + b)S(a, b) = V(a)V(b), (49b)
p-q+i—it=——((p-a)V(a) —(q- V()  (490)
V(a)
1 ~ ~
VAV~ aV@). (@)
pratw—= v;)“” —aV(@) +(g+a)V()  (49%)
1
=55 a)A(a) Fg-aV@), (4o
(p—q+w—-w)(p+g+w—w)=p"—q, (49g)

together with assuming symmetric property S(a, b) = S(b, a), where
V(a) is a function of (n, m) with a as a parameter, V(b) = V(a)|s—p, W
is a function of (n, m) but independent of (a, b).
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Bilinearisation and 7 for rational solutions

The above system can be bilinearised by taking

1 0 h s g
S@bh)= (-1 V@=1 V(=3 w=E (50)
In particular, for rational solutions (i.e. 7(a) = \N/—\1|) we have
— _ 1 E7n3Efn4f
f=r(a), S(ab)=_— b(1 - ) oy (613)
h=E_pf, s=E_pf, 0=T_p,T_pf, g=0xf, (51b)

where (recall 1 = [[,(1 — pik)™)
m=n,n=m p=1/p, pp=1/q, p3=1/a, ps=1/b.
Eq.(51) satisfy HM and semi-discrete HM:3
(Pi—=pj)f (En, En; En, £)—(pit-pic) (En, F)(En; En F)+(pj+pi) (En, F)(En En, f) = 0,
(pi = p)If (EnEn;f) = (Enif)(En; )] + (En;fio )(Eny ) = (En f)(En;fiy) = O

3JJC Nimmo, JPA-1997; Y. Shi, JJC Nimmo, DJZ,-JPA-2014.
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From NQC to Q3

The solution of Q3 is formulated by*

u=AF(a,b)[1—(a+ b)S(a,b)] + BF (a,—b)[1 — (a — b)S(a, —b)]
+ CF(—a,b)[1+ (a— b)S(—a, b)]
+ DF (—a,—b)[1 + (a+ b)S(—a, —b)], (52a)

in which S(a, b) satisfies (49) and symmetry S(a, b) = S(b, a),

P n Q m
o) (tema)
=65/ (G a6 5 )
and P, Q are defined by (3); A, B, C and D are constants subject to

52

A B = Ble = b)) = = o

(54)

“Based on Nijhoff, Atkinson, Hietarinta-JPA-2009. Extended to RS.
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Degeneration of Q3;

Q35| —[Q2]—| Q]

I

53] —— [12)— A0

Fig.1 Degeneration relation
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