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1. Introduction

Background:
Recent studies on isomonodromic tau functions
— Conformal blocks, Nekrasov functions, etc.

— Conjectures on Toda-like bilinear equations

This talk:

Previous results 1), 2) and outlook on

— Origin of ¢-Toda equations in 2D Toda hierarchy
— Toda-like equation for U(1) Nekrasov functions
— Dual partition function of 5D SU(N) theory

1) K.T., J. Geom. Phys. 59 (2009), 1244-1257, arXiv:0903.2607.
2) T. Maeda, T. Nakatsu, K.T. and T. Tamakoshi, JHEP 03
(2005), 056, arxiv:hep-th/0412327.



2. Deriving g-Toda equations from Toda hierarchy

Ref) K.T., J. Geom. Phys. 59 (2009), 1244-1257, arXiv:0903.2607.

Tau functions of 2D Toda hierarchy

(S t t Z S)\ S)\( )gs AN
AAEP

sel, t= (tl,tg,...), t = (t_l,??g,...),

where

Sxa(t) = det(Sx;,—irj ()71,

i Sp(t)z" = exp (i tkzk> :
n=0 k=1

gsxx = (5, Mgls, \), g € GL(c0)



2. Deriving g-Toda equations

2D difference Toda equation

7(s,t,t) satisfies the bilinear equation
(s, 0 — [z],0)7(s, 8, — [y]) — 7(s, 8, )7 (s, € — [a], £ — [y])
_I_aij(S =+ 17t7i)7_(8 o 17t o [:C]ai_ [y]) — Oa

where

This is a difference analogue of the 2D Toda equation.



2. Deriving g-Toda equations

Key to g-difference analogue

Define a specialized tau function as




2. Deriving g-Toda equations

g-difference analogue of 2D Toda equation

T(s,x,y) =7(s,|z]q, [y]g) satisfies the g-difference equation

T(s,q2,y)T (s,2,qy) — T (s,2,9)T (5,97, qy)
+xyT(s+ 1,z,9)T (s — 1,qx,qy) = 0.

This is a g-difference analogue (Kajiwara & Satsuma 1991) of the 2D

Toda equation.



2. Deriving g-Toda equations

Remarks on Schur functions

1) Sx(t1,t2,...) can be converted to the Schur function s)(z1, z2, .. .)
in Macdonald’s book by substituting

1
ty = szf, k=1,2,....
i>1
2) S\(|x]q) is related to the principal specialization of s)(x1, z2, . . .):

Al

SA([ZE]C]) :s,\(:c,xq,xQQ,...) =< S)\<17Q7q27"')'

Thus T (s,z,y) is a double sum of the form

T(87 X, y) — Z S)\(]., q, q27 < )SS\(]-? 6.77 q27 .. ')x|>\|y|>\|gs,)\5\°
AAEP



2. Deriving g-Toda equations

Further specialization of tau function
If g takes the diagonal form
0
g = exp ( > log gnrw_n¢2:> — diag(gn)ne— oo
n—=—o0

the matrix elements of g can be expressed as

00
N gn,—i+1
<87 )‘|g‘87 )‘> — 5)\5\98,)\7 gs. )\ — H ax +87
=1 J-itl

and 7T (s,x,y) becomes a single sum

T(S7 €L, y) — Z S)\<17 q, q27 . ')S)\(]-7 6_77 q27 . ')(xy)|>\|gs,)\-
AeP



2. Deriving g-Toda equations

Further specialization of tau function (cont’'d)
In this case,
T(s,x,y) =T(s,zy),

T(S7 Z) — Z S)\(la q, q27 . -)SA(L q, q27 . ')zp\‘gs)v
AEP

T (s, z) satisfies a 1D reduction of the 2D ¢-difference Toda

equation:

T(Sa QZ)T(S, gZ) R T(Sa Z)T<Sa qqz)
+2T(s+1,2)T (s —1,qqz) = 0.




3. Toda-like equations for U(1) Nekrasov functions

5D U(1) Nekrasov function with external potential
Z(s,Q) = Z sx(qP)2QRIFs(sH1)/22(s2),
AeP
() i1s a new parameter, ¢~ ” is the special point

1/2 3/2
e

¢ " =(q"%q R

q oo

and ®(s, \) is an external potential of the form

P(s,\) = Zg&-—i—}—s—l—l — Zf—iﬂ-
i=1 i=1
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3. Toda-like equations for U (1) Nekrasov functions

Special value of Schur function
sx(q~") is a slight modification of the principal specialization:
sx(q™P) = q|)‘|/2s)\(1, q,q°,...)
g N/4
[Lijyex (g G2 = ghli) 2y’

where

=) A(Ai—2i41)=2 Z j—1),

?,>1 ’] E)\
h(i,j) = i+ *Nj—i—j+1 (hook length)
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3. Toda-like equations for U (1) Nekrasov functions

Relation to 7 (s, z

)
T(sz) — ZS)\(17Q7q27"')8)\<1767627 ) |>\|g A

rep

q, 2= q, gn = Q"""

q ") QI>\|+8(8+1)/2 ®(s,2)

ﬁM I

In particular,

Z(s,qQ) = ¢*“ V2T (5,47,
Z(s,4°Q) = ¢*“ VT (s,¢%).
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3. Toda-like equations for U (1) Nekrasov functions

Toda-like equation for Z(s, Q)
The bilinear equation
T(s,q2)T (s,qz) — T (s,2)T (s,qq2)
+2T (s +1,2)T (s —1,qqz) = 0.

for 7T (s, z) turns into a bilinear equation for Z (s, Q):

Z (s, Q) satisfies the Toda-like equation

Z(5,qQ)° — Z(s,¢°Q) Z(s,Q)
+¢* M Z(s+1,Q)Z(s — 1,4*°Q) = 0.
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3. Toda-like equations for U (1) Nekrasov functions

4D limit of 5D U(1) Nekrasov function

Z(5,Q) = 3 sx(g ) 2QRNHs /225N
AEP

l g=e¢ """ Q=(RA)? R—0

dim )\ 2 A 2|\ [+s(s+1)
Zip(s, ) = Z ( a ) (h) e®ap(s:4)

AEP
(4D U(1) Nekrasov function)

dim A is the number of standard tableaux of shape A, and

dim )\ 1
— 5,(1,0,0,...) = .
A [iser B(0r7)
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3. Toda-like equations for U (1) Nekrasov functions

4D limit of Toda-like equation

Z(s,¢*Q) B (Z(s, C]Q)>2 _ st Z(s—1,¢*°Q)Z(s +1,Q)
Z(s,Q) Z(5,Q) Z(s,Q)?

l q:e_Rh, Q = (RA)2, R—0

Zip(s —1,A)Zsp(s +1,A)
Z4D(S,A)2

7\ 2
<AdA> log Zyp(s,A) =4

The Toda-like equation of Nekrasov and Okounkov for Zyp(s, A)
(Nekrasov & Okounkov 2003) can be thus recovered.
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4. Dual partition function of SU(N) theory

Ref) T. Maeda, T. Nakatsu, K.T. & T. Tamakoshi, JHEP 03 (2005),
056, arxiv:hep-th/0412327.

External potential in U(1) Nekrasov function

Z(s,Q) = Y sx(g7?)2QMFs(+D/2,2 (),
AEP

P(s, M) = ZgAi—i+s+1 — Zf—i—l—l-
i—1 i=1

(The definition of ®(s, \) is effectively a finite sum. The subtrac-

tion terms is related to normal ordering of a fermion bilinear.)
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4. Dual partition function of SU(IN) theory

Decomposition under external periodic potential

If the external potential is /N-periodic, i.e.,

§n+N — Sna

the sum over the single partition A can be decomposed to a sum

over the N-tuple p = (p1,...,pn) of integers (charges) and the
N-tuple X = (AD, ..., X&) of partitions (colored partitions):

Z(s,Q) = > P QD2 75 @),

peEZN | p1+--+pn=0

E(s) = (Erass - Ents)y ZHQ) = 3 -+

XePN
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4. Dual partition function of SU(N) theory

Decomposition under periodic external potential (cont'd)

The summands of Z(p, () are factorized to a X-independent fac-
tor C'(p, Q) (perturbative part) and a sum of \-dependent factors
Z%nSt(ﬁ,Q) (instanton part):

Z(p, _ Z Zlnst

XePN

ZanSt (p, Q) turns out to be the 5D SU (V) Nekrasov function with

Chern-Simons corrections. In summary:

Under the N-periodic external potential, Z(s,()) becomes a
dual partition function of 5D SU(N) theory in the sense of

Nekrasov and Okounkov.
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4. Dual partition function of SU(IN) theory

N = 2: charges and colored partitions
Write the components of p and ) as
p=(-p), A= (up)
and identify the triple (p, i, 1) with the partition A:

A= (p,u, fi).

1) The triple is obtained by splitting the Maya diagram of A (as a

subset of Z) into the subsets of odd and even integers:

N =i +132 ={2(pi —t+p) + 12, 02(0 — 1 —p) + 21524,

19



4. Dual partition function of SU(IN) theory

N = 2: charges and colored partitions (cont'd)

2) (p,0,0) represents a staircase Young diagram:

/

/N

2p—1,2p—2,...,1) ifp>0,
if p=20,
2|pl,2|p| —1,...,1) if p<O.

(p,0,0) = <

N =

\

3) The staircase Young dia-
gram is the core of A, and the
colored partition (u, fi) repre-
sents the quotient of A by the

Ccore.
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4) SU(N) dual partition functions

N = 2: Factorization of weights

QM s\(g7)? = Q‘(p’(/)’@)‘%,@,@)(q_p)2

« Ql@ )] =1(20.0) S(pyu,fi)
S(p,0,0) (g=")

q ")?

5 -

The two parts on the right side give the perturbative part C'(p, Q)
and the instanton part Z1%*(p, Q):

C(p,Q) = QI ’@’@”S(p,@,@)(q_p ),
0)2

| ] S(poui) (4~
Zln_St p) Q — Q‘(p,u;/'l/)|_‘(p7@7@)| (p7l’l/7/'l/) .
un (P2 &) S(p0,0)(q7)?
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4. Dual partition function of SU(N) theory

N = 2: Computation of C(p, Q)

(2p—1 L
Q .
H L QYR — QR Pahy .
C(p,Q):<1 if p=0,
2|p| k
Q .
H — if p <O
1 (@72 gk — Qg

1—4p

where QO = ¢

A final expression should be written in terms of the g-Barnes finc-
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4. Dual partition function of SU(N) theory

N = 2: Computation of ZmSt( , Q)

An intermediate stage (Qr = ¢'~*P):

stt( Q) = Q2\u!+2lﬁ\Q\]g‘—’mq—%(u)—%(ﬂ)

1
< 11 —hu(id) _ ghu(ind))2

1
< 11 —ha(id) _ gha(id))2

(4,)ER (q
X
i,j=1 ( 1/2 =3 QF1/2 J=)?
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4. Dual partition function of SU(N) theory

N = 2: Computation of Z"%*(p,Q) (cont'd)

stt( Q) = Q2lu\+2|ﬁ\QW—W —2r () —2r([2)

XNML(CI )Nﬁﬂ(q2)NuM(q QF) Mu(q QF)

where Qr = ¢' %7, and Nee's are the Nekrasov factors

1
Nx(q) = H (1-— q_hA(i,j))(l _ qh,\(i,j))’

(4,)EA
NAN q,u H 1 —ug™ Az bpj+it+g—1
(4,7)EA
1
8 1 — uqm+t/\j—z‘—j+1'
(4,5) Ep
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5. Conclusion

1) Toda-like equations for U (1) Nekrasov functions
The 5D U(1) Nekrasov function Z(s, Q) satisfies a Toda-like ¢-

difference equation. This equation can be derived from the 2D
Toda hierarchy by a few steps of specialization. The 4D version

Z4p(s, ) satisfies a Toda-like differential equation.
2) Dual partition function of SU(N) theory

If the coefficients &, of the external potential ®(s, \) are N-periodic,
Z (s, Q) becomes a dual partition function of 5D SU(N) theory. A
drawback is that some parameters therein are specialized to dis-
crete values (associated with 7’ € ZV). To achieve a full generality,

we have to find a suitable deformation of the weights s)(q™")2.
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5. Conclusion
3) Including matter hypermultiplets

This issue is not very serious. Contribution of matter fields can be
included as corrections of the external potential.

4) Discrepancy with isomonodromic tau functions

Our 5D Nekrasov functions looks slightly different from the known

iIsomonodromic tau functions because of Chern-Simons corrections.
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Thank you

for your attention!
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