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Figure 1  Example of the known BBS with many kinds of balls and limited carrier

capacity (M = 3, carrier capacity: 6)

1 Introduction

@ A generalization of the BBS by Hatayama ez al. [1] is known (Ex.: Figure 1)
@ We propose another generalization of the BBS [2] (Ex.: Figure 2)

>> Rule

@ There is an array of infinite boxes. Several boxes hold one ball.

@ Each ball has an index (from 1 to M). We regard empty boxes as balls with index
0 (periods . indicates @ in the figures). Note that we regard the indexes cyclically:

k=kmod (M+1).
® The known rule (Ex.: Figure 1):

— A carrier of balls moves from left to right. The carrier can hold a finite number
of balls.

— When the carrier passes each box, the carrier exchanges the ball with index k in

Q) 0 Oy Ey 0 0t O E{ 0, 03 0;
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Figure 2  Example of the novel BBS with many kinds of balls and limited number

of rewrites (M = 3, .S'Y) = 2 for all 1)

the box with a ball whose index is the smallest among the indexes of the balls,
whose indexes are larger than k, in the carrier (ex.: if k = 1 and M = 3, then

the orderis2 <3 <0< 1).
@ The novel rule (Ex.: Figure 2):

The carrier has a state called

VM),

— A machine moves from left to right.
“the numbers of rewrites” (VO v
(VO vy vy =0,87,...,8).

— When the machine passes each box, if the index of the ball in the box is k: if
V' (6) > 1 then rewrites the index k as k — 1 and sets the state V¥ « (k) _ 1
yh=b  y=b 4 15 ity ®)

There are two types of the time evolution equations corresponding to the novel BBS

Initial state at time ¢ is

= 0 then does nothing.

as follows.

2 Reduced nonautonomous ultradiscrete KP lattice

k,t+1 k, k, k+1, (k,t) _ k, k, k+1,
Ulg Jg+1) U( t)_X( t)_|_X’§l+t), Vn+1 _Vn( t)_X’fl t)_|_X’§l+t),
XKD = min(U k0, k),

where Unk+M+1,t) _ Ur(zk’t and Vn(k+M+1,t) _ Vn(kt
conditions for n - —oo:

g _ 1 ifk=0. s _ [0 ifk=0,

! 0 ifk=1,2,....M, " SY ifk=1,2,...,M.
s U(k’t ) € {0, 1}: the number of balls with index k in the nth box at time t;

) for all k, t and n, with the boundary

2

@ V5! “the number of rewrites of index k” of the machine arriving at the nth box
at time t;
o X\k: 1if UK =1 and V'K > 1, otherwise 0.

An N-soliton solution is derived from Baker—Akhiezer functions via reduction and
ultradiscretization procedure:

M, (M,1) (0,7) 0, . _
U(k,t):<Fl’§ - Fn+1 +Fn+1 _Frg t>+1 it k =0,
" Fk-Ln _ gl L gD gD if e =1,2,..., M,
V(k,t) ) JF,/SM ) Fn(M J+1) F(O t+1) Frf(),l‘) if k = 0’
" | - FRLeD  plesh _ gD 90 ik =1,2,..., M,

(k,t) _ (k-1,t) _ p(k=11) (k—1,t+1) (k—1,t+1)
Xn _Fn Fn+1 +Fn+1 Fn ’
where
( )
F%D = min | 0, min (Z T(kt ) ,
0<r0<r1< <l"m 1<N—
\ m=12,.".N )
(k" +I+i) mod M ’ :
~ ki +1+1i ~
k,t : (7)
Trf,n )( ) = @ _|_l gllln t Z C’,’j+( Vi +l) Zr+St—l
..... = _ _
—nmin(Z,, 1).
Here, k" := kmod (M + 1), Z, > 0 and O, are the parameters determine the size
and phase of ]\}he soliton, respectively, ¢, 1,C, 5, ..., {, ps are nonnegative parameters
satisfying ijl & = Z,,and
0 if i =0,
i—1
S = min ( SW) ifi=1,2,..,1
0<jo<ji<<j;_15t-1 =0
+00 otherwise.

3 Reduced nonautonomous ultradiscrete 2D Toda lattice

Or, so-called nonautonomous ultradiscrete hungry Toda lattice:

Ok = min(Q1 Ak, k=1,...,M,
OM+L1) = min (B E(LD),
QUi+l = QUen) _ Gk | Glk+L), k=1.....M,
E(Li+D) = EUL0 _ ML) 4 Qn+1’
A;(leﬁ) _ A}(@k,t) . Q(k,t) n Q (k+1 t) k=1,....M,
Bf,ii _ B’gl,t) _ Q(M+1t + Qn+1 ,

with the boundary conditions
AfY =80, k=1,.., M,

B{"" = min(Q{",8"), E\" = +co.

@ N: the number of solitons;
Q(k’t ). the number of balls with index k in the nth soliton at time ¢;
E(l t)

@ Ak
soliton at time #;

o B,gl”): “

: the number of the nth block of empty boxes at time #;

“the number of rewrites of index k” of the machine arriving at the nth

the number of rewrites of index 0 of the machine arriving at the nth

block of empty boxes at time f;

Particular solutions are derived from biorthogonal polynomials as

(k,t) _ (ki) _ (k) (k+1,1) (k+1,1)
Qn Tn Tn+1 t Tn+1 Tn ’
B = 1) ) 4 M )
Aﬁzk Jg) T(kt _ Tn(k+1 1) 4 T (k+1,t+1) _ Tn(k,t+1) 4 S(t)
(1,t) _ n(M+1,t) _ 4 (1,1) (Liz+1) (M+1,t+1)
Bn o Tn Tn+1 T Tn+1 Tn ’
where
n—1 .
" 0Sr0<r1<---<’”n—1SN—1 __O J M rj
0<cyp<ei<-+<c,_1<t+n—1 J=
+ S(z‘ co.t+1—cy,..., t+n—1—cn1)’)’
t—1
o (1) e i (/)
S dodyd ) = mn (Z yiS ) '
j=0
Here, W.X) are constants satisfying W/ **M) = p/ k) m}n indicates the minimum
value over all semistandard Young tableaux Y of the partition (Ay, A{,..., 4,4 )", and

Yo, V1, ---» V,_1 are the weights ot Y.
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