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Introduction

Higher order generalizations of the g-Painlevé equations (we call it g-Painlevé systems)
has been studied from some points of view.
o Birational representations of extended affine Weyl groups
o Type (Am—1 + A,L,l)“) [Kajiwara-Noumi-Yamada 02]
o Type D§1L)+3 (g-Sasano system) [Masuda 15]
o Cluster mutations
e Somos-type Y-system [Hone-Inoue 14]
o Compatibility conditions of Lax pairs

o g-Garnier system [Sakai 05], [Nagao-Yamada 18]
e Similarity reduction of lattice g-UC hierarchy [Tsuda 10]
o Similarity reduction of g-Drinfeld-Sokolov hierarchy [S 15], [S 17]

In this talk we present the following result.

@ A birational representation of W((A2n+1 + A+ Al)(l)) is formulated with the aid
of cluster mutations.

@ This extended affine Weyl group provides the latter three g-Painlevé systems (arising
from Lax pairs) as translations.
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Introduction

We recall the derivation of Jimbo-Sakai's ¢-

Py1 from cluster mutations.

Consider a skew-symmetric matrix corresponding to the g-Pyr quiver (cf. [Okubo 15])

0o 0 0 o0
o 0 0 0

o 0 0 0

0o 0 0 o0

A= (’\i*i)ijzl “l1 -1 -1 1
-1 1 1 -1

-1 1 1 -1

1 -1 -1 1

coocol ~~—|

1
-1

1 -1

SN
e
v

-1
-1

—_

1

w—>

/
X
N\

1
1
0
0
0
0

OO OO
OO OO+

A mutation p :

! ! ! i
As6 = As7 = Agg = Ag 7 = 1,

>‘l1,i = —)\1,1" Afi,l = —)\i,l (Z
Ye
ys =ys(1+41), ¥ = T
+ —_
Y1
1 .
y1=—, ¥y =1y (otherwise).
Y1

(A,y) — (A',y") is given explicitly by

! ! ! i
X6,5 = A7 5 = Xg g = Arg = —1,

#1), )\;,j = )\;,; (otherwise),
yr
yr=—, vs=us(l+n),
1+ o

Takao Suzuki (Kindai University)

Nov. 13, 2018 4 /27



Introduction

We can formulate a birational representation of W(Ag”) with the aid of cluster
mutations.

Fact (cf. [Bershtein-Gavrylenko-Marshakov 17])
Let

ro = (1,2) p1p2, 71 =(5,6) s pe, 72 =(3,4)p3pa, r2=(7,8)prps,
7 =(1,5,3,7) (2,6,4,8),

where i, stands for a mutation at a vertex k and (i, j) a permutation of vertices i and j.
Then the q-Py1 quiver is invariant under their actions. Moreover they satisfy

r?zl, (riri+1)3:1, (Ti'f‘j)2:1 (J#£i,1£1), 7t =1, Ty T = TTit1,

where 14 = 1;.

Fact (cf. [Okubo 15])

A translation T = (mwrore)? of the extended affine Weyl group provides q-Py1.

In this talk we consider an extension of this previous work.
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Extended affine Weyl group

Consider the following quiver on a torus (cf. [Inoue-Ishibashi-Ohya 18]).

(4n+3) «—— «~—2n +1<—4n+3
Let y1,...,Yan+4 be coefficients. We define parameters by
2n+1
Q2 = Y2i+1 Y2i+2, O2i41 = Y2it2n4+3 Y2it2nta (1=0,...,m), ¢= H i,

b= H

and dependent variables by

!
= H Y2i+1 Y2i+2n+3;

y21+2 y27,+2n+3 =0

20 = Y2i+1,  P2itl = Y2itants (1 =0,...,n).

We use a notation for a periodicity

Ai42n4+2 = Qfy Pit2n4+2 = Q4.
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Extended affine Weyl group

Definition (cf. [Bershtein-Gavrylenko-Marshakov 17])

We define reflections 1o, . . . ,ran+1 by

T2i = (20 4+ 1,20 + 2) p2ito poit,
roit1 = (20 + 2n + 3,20 + 2n + 4) p2it2n+4 P2i+2n+3-

They act on (a;, 8, 8";¢:) as
1

ri(aic) = aioior,  riles) = —,  ri(@is1) = aiaig, ri(ey) = oy,

ri(B) =8, () =4,

(i) = Yt e (o) = 88 rioien) = 181 (0:) = o;
rilpicn) = T 0meien, i) = On o rigin) = T & P ri(¢s) = @i

for j # 4,1+ 1 (cf. [Kajiwara-Noumi-Yamada 02]).
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Extended affine Weyl group

Definition (cf. [Inoue-Lam-Pylyavskyy 16], [Masuda-Okubo-Tsuda 18])

We define reflections so, s1, s, 81 by

S0 = U1 P2n+4 3 2nt6 - - H2n—1 fdnt2 Pont1 (20 + 1,40 + 4)
H2n+1 Uan+2 H2n—1 ° * * U2n+6 U3 H2nt4 L1,

S1 = M2 2n+3 44 f2n+5 * * * h2n Hant1 Pant2 (20 + 2,4n + 3)
H2n42 fdnt1 H2n - f2nt5 b4 fl2n43 (L2,

50 = H1 [i2n+3 3 [i2n+5 - -+ fi2n—1 flant1 Hont1 (204 1,4n + 3)
H2n1 fdn 41 fA2n—1 " - 245 3 [2n 43 f1,

S1 = [h2 Montd fa f12n+6 - Han Hant2 Hont2 (20 + 2,40 + 4)

M2n+2 an+2 U2n - U2n+6 L4 U2n4-4 U2

They act on (a;,8,8') as
sela) =i, s(B) =8 (k=0,1), so(B) ==, s1(8)= %,
silai) =au, si(B)=B (1=0,1), so(8)==, s1(8)= i

Takao Suzuki (Kindai University) Nov. 13, 2018 9/27



Extended affine Weyl group

They also act on (p;) as

— s
oy = 22001 ool v S0 + g
v . j—1 i ’
Q241 ;:O(Hizo P2i+2k+2 %)(1 + p2it2;+2)

n J—1 @2i42k43 . 1 Q2342543
_ Zj:o( k=0 ¢2;42k+3 aitakta) (L + <P21+2]+3)
So(tp2i+1) = 02741 P2i42 n

J=1 Q2ifakt1 . 14 Q2it25+1y7
j:0( k=0 @9 4ok41 ait2nr2) (1 + ¢2i+2j+1)
n J—1 @2iq2k42 1 4 242542
B ijo( k=0 9ait2rt2 paitar+3) (1 + ¢27+2J+2)
s1(p2i) = a2i P2it+1 — )

j—1 @242k . 1 Q24425
j:U( k=0 @a; 42k ¢22+2k+1)( + <P21+2])

Q24 2k42 )(

n 7j—1
pit2 2ui—oIThzo P2ivorta 1+ poit2541)

s1(p2it1) = 1 ol ,
azit2 331 ([Tico p2it2r+3 #ﬁ:ﬁ)(l + P2it2j+3)
2n+1 -1 1
/ 1 Z k=0 ¥itrt2
so(i) = Dit1 Z2n+1 -1 _1_
o k=0 ¢itk
2 +1 i—1 Pitk
’ ] QO Z z ?“ 0 a:ik
s1(pi) = Pit1 22n+1 HJ 1T Pitkt2
i1 k=0 o qpt2
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Extended affine Weyl group

We define rotations m, 7' by

m=(1,2n+3,3,2n+5,...,2n+ 1,4n + 3,1)
(2,2n 4+ 4,4,2n +6,...,2n + 2,4n + 4, 2),

7 =(1,2n+4,3,2n+6,...,2n+ 1,4n +4,1)
(2,2n+3,4,2n +5,...,2n+ 2,4n + 3, 2).

They act on (a;, 8,85 ¢:) as
7r(O‘i) = Qi+1, 7T(5) = W(ﬁl) = 5/, 7T(90i) = Qi+1,

(i) = ain, ©(B)=p, ()= %, ™' (i) = %
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Introduction Extended affine Weyl group Higher order g-Painlevé system Conclusion

Theorem ([Okubo-S 18], [Masuda-Okubo-Tsuda 18])

The birational transformations ro, . ..,T2n+1, S0, 51, S0, 81, T, T satisfy the fundamental
relations of an extended affine Weyl group of type (Azni1 4+ A1 + Ay)®

S (s = L Tj)2 =1 (j#4i+1),
se=1, (s)’=1, (sxs))’=
o2 =1, @) =1, an’ = 7r/7r, n° = (x')?,
(rs sk)2 =1, (7 32)2 =1,
Ty T =TTiy1, T4 o 7T/7'i+1,
SkT =T Ski1, SkT =T Sk, ST=TS8, ST =T 8.4,

where

! !
Ti+2n+2 = Ti, Sk4+2 = Sk, Si42 = S;.

The fundamental relation (s, s})?> = 1 was shown by R. Inoue, T. Lam and P. Pylyavskyy
in 2016.
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Higher order g-Painlevé system

Definition

We define translations T, T>,Ts and a quasi-translation Ty by

/ e AW ! /
Th=s1simm , To=(rors...Tony17m)", T3=T1T2...Tont181 7,

T4 = (7”0 T2 ...7T2n 7T/)2.

They act on (a;,3,8') as
T(B)=qB, Ti(B)=4qf,
Ont1

U
Ta(ao) = ?O, To(an) = qan, Ta(anir) = = To(a2n+1) = q @2n+1,

T3(ao) = qao, Ti(ar) = %» T5(8) = q B,
1

Ty(az) = ———,
Q2i4+1 242 (2743

T4(a2i+1) = (02341 0242 (2543 X244 O2i45.

Note that iterative action of 74 becomes a translation as

v
Ti'(azi) = —*, T{'(azit1) = qazisr  (n=2m — 1),

oy
TP () = qil, T 02i1) = ¢* a2ipr (0= 2m).
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Higher order g-Painlevé system

Theorem ([Okubo-S 18])

These translations gives the known three higher order q-Painlevé systems.
@ T1: q-DS system q-P(y1,n+1)
o Ty: Sakai's q-Garnier system.

o Ty: Tsuda'’s g-LUC system

o T3: Nagao-Yamada's variation of the q-Garnier system
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Higher order g-Painlevé system

Ty: q_DS system q_P(n—‘,—l,'n,—i—l)

The following lemma is obtained in the course of proof of the fundamental relations.

: / a2 2 /
1+ 22 ogiga S2i—g S2; + 2= @2i-1 522 52i

/ / P2i—
S1 81(9021'71) = 85153 (9021‘71)
1 —|— V241 52 S5, + Oé21+1 Sh; S2i+2
/ / Qi 2341 SQi+2 Sgi
51 51(p2:) = 81 51(021) = —5; S
ag; 20 21+2
where
Uy « «
2i+2k 2i+2j
So; = E H ——— P2i2k+1 (1 + 7) ,
=0 \k=0 P22k P2i+25
j—1

S
I

<
Il
=]

P2i+2k P2i+2k+1 1+ P2i+2j
Q2 42k (V2i42k+1 Q24425

k=0
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Higher order g-Painlevé system

Ty: q_DS system q_P(71,+1,77+1)

Let a;,b; (i =1,...,n+ 1) be parameters and t an independent variable defined by
a; b; jass
bi = o2i—1, a»il =g, ¢"'t li[l ab; =8, t=p".

7 1+1

Also let f;,g; (i =0,...,n) be dependent variables defined by

IR s O , gi 1
fi = 1+ 9o Jl—[:i‘PQJJrl P25+2, b (,021"
Note that 1
fO = t’ go = ——> ’ b() = qb’n+1~
qg 2 tgi...9n
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Higher order g-Painlevé system

Ty: q_DS system q_P(n—‘,—l,'n,—i—l)

Theorem ([Okubo-S 18])

If we set f, = T1(f:) and g, = T1(g:), then they satisfy
F Fiq (4" = )( — Qit1) Foii G
9i — i+1 Gq
f’bfz:qt I glgz:Fg (Z:]'?' an)7
Froi1Fy (fo - 1) (G0 — a1) e
where
i—1 n
Fo=> fi+tY fi+t
j=1 j=i
n j—1 Hn n
—it1 9l n
Gi = ZkuakHljj%llfj +q2tkuak+1
j=i k=i [Ti= o k=i
n = bn+1 ai HZ:I b A+1 Hln J+1 g
+q tz i—1 f]
=1 Hk:j bk ak+1 Hl 1 9
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Higher order g-Painlevé system

T5: g-Garnier system

Fact ([S 2017])

The system q-P(+1,n+1) Is derived from a Lax pair

Tp-(¥) = M3y, Tp. () =By,
Moreover, the action of T> on (fi, g:) is derived from the compatibility condition of
(1) T2 () =My, Ta(y)=Ty¢.
Here the matrices M, B and I are expressed as

Xi1 X2
XQ,Q X2,3
X33
X = . , (X=M,B,T),
Xn,n Xn,n+1
ZXTH’Ll Xn+1,'n.+1

where each block is a 2 x 2 matrix.

v
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Higher order g-Painlevé system

T5: g-Garnier system

Via a g-Laplace transformation (2,7,}) — (T, 2), system (1) is reduced to the one
with 2 X 2 matrices

(2) Ty,-(¥) = AV, T(V)=BY,

with

A= Mgty (2] = Mygane) My gy (21 = M g) .. Myg (21 = My,
B = F]_’l —|— F]_’g M;21 (ZI — Ml,l) .

The compatibility condition of system (1) implies the one of (2). \

The transformation from system (1) to (2) is suggested by Y. Yamada.
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Higher order g-Painlevé system

T5: g-Garnier system

System (2) is equivalent to the Lax pair of the ¢g-Garnier system (of inverse direction).

Theorem ([Okubo-S 18])
The matrices A and B satisfy the following properties.
Q@ A=Ao+zA1+...+ 2" Anpa,

=10 g ztt 0
_(_ n+1 ~ " )
Ans1 = (—a1) ( . 1), Ao ( 0 0% arby . anin an)

® deid= =tz i =Sl ) (i)

7T a? (z—b—m) (z——b““) (n=2m—1)
tn+ af (z— “—m) (z— b"“) (n =2m)
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Higher order g-Painlevé system

Ty: g-LUC system

Lemma

The transformation Ty act on (p;) as

Ty(pai) = 1 (1 + p2it1)(@2i4+3 + @2i+3) G2ito
' it2 02i+3 (L + @2irs)(Q2it1 + p2ig1)
. 1 .
{1+ Ta(pesn)H e s + Tale2i) |

Ti(p2i41) = Q2it1 Q2542 } 2543

{1+ Tu(p2:) } {% + Tu(p2it2)

Q2443 X244 X2i45

REETL

| \

The above system is not suitable as a q-Painlevé system because Ty act on the
parameters as
. 1

Ty(aoi) = ————————, Tu(02i41) = Q2i41 Q2542 Q2543 Q2i+4 A2i+5.
02341 02542 (2543
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Higher order g-Painlevé system

Ty: g-LUC system

Let ¢ = (to,t1) be a 2-tuples of independent variables defined by

n

n 1 n
1 1 Qi1 B2 L
to=|| = — ||71, 1—|| = 1 ||a2ia2i+1'
i )2 a2 8z
i= i=0 a3, (B)7 il

g P2i 2 o P2it1
Also let ¢ = (cg, ..., cant1) be a tuple of parameters defined by
C2; = tQ +1 tn+l Q2i, C2i41 = to n+1 tl n+1 Q2i+41.

Then we have
Tu(to) = qto, Tu(t1) = qt,

and
TF(C%) = C2i, Tzlm(CZH»l) =c2i+1 (n=2m —1),

Ty e2s) = coiy, T (e2it1) = caipr (n=2m).

We now regard each ¢; as a dependent variable on (¢, ¢) and denote it by ¢;(¢; ¢).

Takao Suzuki (Kindai University) Nov. 13, 2018

23/



Higher order g-Painlevé system

Ty: g-LUC system

With the aid of the action of T on ¢, we define dependent variables and parameters on a
lattice by

1
% _ t ntl 2i4+1 t;Tﬁk C
Fin—ivon () = t0 @2t (€)y  Gim—ivon—1(t) = 2 90_zk+ ( i ))7
Ty " (c2it1)
T (cos 1
Ciyn—it2k = M, Cim—it2h—1= —p—,
gt T, "(c2i41)

where the indices 7, j of f; ;(t),g:,;(t), c;,; are congruent modulo n + 1. Note that

n n
H fin—itor =1, Hgi,n—i+2k—l =1 (k=0,...,n),
i=0 i=0

Cin—i+2k Cit1,n—i+2k+1 Cin—i4+2k—1 Ci+1,n—i+2k
:17 =1 ('L,k:O,. ,n)
Cit+1,n—i+2k Ci,n—i+2k+1 Cit1,n—i+2k—1 Ci,n—i+2k
We also set
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Higher order g-Painlevé system

Ty: g-LUC system

heorem ([Okubo-S 18])

The dependent variables f; yn—i+ok, Gi,n—i+2k—1 Satisfy

fi,n7i+2k _ Cin—it2k (gi+1,n7i+2k - a)(gi,n7i+2k+1 — Ci,n—i+2k+1 5)

fitin—it2kt1  Cin—it2nt1 (Gi,n—it2k+1 — @)(Git1,n—it2k — Cit1,n—it2k 3)’

Gin—it2k—1 _ Citln—it2k—1 (fi+1,n72‘+2k71 - 7)(fi,n7i+2k — Cin—i+2k 0)

Jit1,n—it+2k Cit1,n—it+2k (fi,n—'H—Qk =7) (fi+1,n—i+2k—1 — Cit1,n—it+2k—10)

where

?i,n—i+2k = fin—it2(qt), Jin—itok—1 = Gin—i+2k—1(q1),

_1 __1 _1
a=qrtla, B=q "8, F=qtly,

6= q_%ﬂ&

I
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Conclusion

In this talk we obtain the following object from cluster mutations.

@ A birational representation of W((Agn_H + A1+ A)D)
@ The known three g-Painlevé systems

o ¢-DS system ¢-Pr 11 ny1)
o Sakai's g-Garnier system
o Tsuda's ¢-LUC system

We want to investigates the following properties of the above g-Painlevé systems from a
viewpoint of the Kac-Moody Weyl group or the cluster algebra.

@ 7-Functions
o Lax pairs

@ Hypergeometric solutions

The following objects are also our next targets.
o Lax pair of g-Sasano system

o ¢-Painlevé systems of type (Ai—1 + Am—1 + An,1)(1)
Thank you for your attention.
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